We investigate several spin-related phenomena in a confined two-dimensional electron gas (2DEG) using the Hartree-Fock approximation for the mutual Coulomb interaction of the electrons. The exchange term of the interaction causes a large splitting of the spin levels whenever the chemical potential lies within a Landau band (LB). This splitting can be reinterpreted as an enhancement of an effective g-factor, g * . The increase of g * when a LB is half filled can be accompanied by a spontaneous formation of a static spininversion state (SIS) whose details depend on the system size. The coupling of the states of higher LB's into the lowest band by the Coulomb interaction of the 2DEG is essential for the SIS to occur. The far-infrared absorption of the system, relatively insensitive to the spin splitting, develops clear signs of the SIS.
I. INTRODUCTION
The effects of the exchange interaction on the appearance of macroscopic spin structures have been studied in semiconductor microstructures in reduced dimensions by several researchers both theoretically and in experiments. The enhancement of the effective g-factor, g * , of a two-dimensional electron gas (2DEG) in the quantum Hall regime has been reviewed by Ando, Fowler, and Stern. 1 For the unbounded 2DEG Ando and Uemura 2 presented a model where the broadening of the Landau levels due to impurity scattering is treated in the self-consistent Born approximation (SCBA). The dielectric function is calculated with the inclusion of the lowest order exchange energy of the screened Coulomb interaction in the self-energy of the electrons. For a strong magnetic field the overlapping of Landau levels with different indices is neglected.
The enhancement of g * can lead to a spin polarization of the 2DEG at certain values of the filling factor ν, and, in addition, the exchange interaction can lead to the spontaneous formation of spin-density 3 or charge-density waves 4, 5 . The onset of a spin-density wave state in a parabolic quantum well has been studied by Brey and Halperin using a modified Hartree-Fock approximation (HFA) with a point-contact exchange interaction. They find a divergence of the electric susceptibility in the presence of a magnetic field of intermediate strength parallel to the quantum well and an infinitesimal fictitous magnetic field perpendicular to the quantum well. 6 This spin-density wave state has a wavevector along the quantum well parallel to the intermediate magnetic field and occurs only when the quantum well is wide enough and the exchange interaction has a strength larger than a critical value. The calculated optical properties of a δ-doped quantum well in the HFA due to spin-and charge-density excitations have been found to be in good agree-ment with experiments, 7 as well as those of donor states in 2DEG in strong magnetic fields. 8 In the quantum well Hembree et al. 9 discovered abrupt spin polarization of the system at high magnetic fields and a spin-inversion regime where the net spin alignment strongly varies across the well. They studied the effect in different approximation schemes and in the presence of impurity scattering. Recently the effects of the g-factor enhancement on various transport coefficients has been reported by the same group. 10 As to microstructures of further reduced dimensionality the spontaneous polarization of of an array of quantum dots into a ferroelectric or antiferroelectric state has been investigated by Kempa, Broido, and Bakshi. 11 The spin degree of freedom together with the exchange interaction and correlation effects have also been found to be essential to model few electrons in a single quantum dot in magnetic field. [12] [13] [14] [15] [16] In this paper we are concerned with the spin-related phenomena associated with the exchange interaction that can occur in quantum dots with a large number of electrons. We study the spin splitting of Landau bands (LB's) due to the enhancement of g * , and the formation of a spin-inversion state (SIS) in a strictly two-dimensional finite size electron system in a perpendicular magnetic field of intermediate strength. The system size is chosen to be of the order of several magnetic lengths, l = hc/(eB). The LB's in the center of the system do approach flat Landau levels indicating that an electron in the center does not feel the boundary. We are thus able to study the crossing from the quantum regime in which the electronic confinement dominates over the electron-electron interaction to the regime in which electrostatics plays a dominant role. Finally we show how the formation of a SIS can be detected in the far-infrared (FIR) absorption spectrum of the system.
II. MODEL
We consider N s strictly two-dimensional electrons to model qualitatively a real heterostructure where the 2DEG is confined to the lowest electrical subband. The 2DEG is confined to a disk of radius R in the 2D-plane by a potential step
where ∆r = 22Å. To ensure charge neutrality of the system a positive background charge +en b resides on the disk
with the average electron density of the system given byn s = N s /(πR 2 ) = n s (r) . In the HFA the state of each electron is described by a single-electron Schrödinger equation
for an electron moving in a Hartree potential
caused by the charge density −e{n s (r) − n b (r)}, and a nonlocal exchange potential with
The equilibrium occupation of the electronic states is according to the Fermi distribution f (ǫ β − µ) at finite temperature T . The density of the electrons n s (r) is constructed from the energy spectrum {ǫ α } and the wave functions
together with the chemical potential µ. The label α represents the radial quantum number n r , the angular quantum number M , and the spin quantum number s = ± The FIR-absorption of the system is calculated as a self-consistent linear response to an external potential 20
where η → 0 + . N p = ±1 corresponds to left or right circular polarization.
The small size of the system compared to the wavelength of the external radiation makes possible to use a electrostatic potential representing a time dependent but spatially constant external electrical field E ext = − ∇φ ext .
In this so-called time-dependent HFA the change of the density matrix due to an adiabatically switched-on total electrostatic potential φ sc is calculated within a linear approximation. The total potential consists of the external potential and the induced potential φ ind = φ H + φ F due to the direct and the exchange interaction of the electrons. The induced potential in turn depends on the density matrix, thus closing the circle and allowing for a self-consistent evaluation of the total potential together with an expression for the frequency dependent dielectric tensor ε αβ,δγ (ω). The power absorption is then calculated from the Joule heating of the system due to φ ext
where E ext is the strength of the external field and
with the Fermi distribution f α = f (ǫ α − µ).
III. RESULTS
The calculations for the box-like confinement (1) As the number of electrons is reduced to 38 (Fig. 2b ) the spin bands split up near the edge and the number of spin-down electrons becomes smaller than that of spin-up electrons. In addition to this splitting (which was also present in the 2nd LB in Fig. 1 ) we can observe two instability points (one (Figs. 2c to 2e) . Finally, the compact droplet at ν = 1 is formed (Fig. 2f) .
In The formation of the SIS invokes clear signs in the FIR spectrum P (ω) of the 2DEG detailed in Fig. 6 . The first two subfigures show the spectrum in the Hartree approximation (HA) and the HFA, respectively. In the HA the exchange interaction is neglected both in the ground state and the excited states.
A common feature is the occurrence of two strong absorption lines, the lower one in energy corresponding to N p = +1 and the higher one corresponding to N p = −1. These two lines can either be identified as the ones corresponding to the center of mass motion predicted by the generalized Kohn theorem for quantum dots with parabolic confinement, [21] [22] [23] [24] [25] or more appropriately here as the low energy excitation of an edge plasmon and the 2D bulk plasmon at energy slightly higher than the cyclotron resonance E c =hω c . 20 Both approximation then show small absorption peaks above the bulk magnetoplasmon that have been identified as absorption due to single electron transitions. 26, 20 The spin splitting itself does not have large effects on the absorption due to the bulk magnetoplasmon but the finer details of the corresponding absorption peak in a parabolic quantum well have been studied by Hembree et. al., 10 here we shall concentrate on the effects of the SIS. By comparing the spectra for the two approximations at energy below the energy of the edge plasmon we find small peaks for N p = −1 that are enlargened in the last subfigure of We have observed the spontaneous formation of concentric circular regions of different spin phases when the spin splitting of the first LB's is opening up with a decreasing ν at a low temperature. The shape of this SIS depends on the size, shape of the system, and filling factor ν, such that the wavelength decreases as ν approaches an even integer. The coupling of the states of higher Landau bands into the lowest band by the Coulomb interaction of the 2DEG is essential for the fine structure of the SIS.
Even though we have been using a restricted HFA here (total angular momentum and spin are good quantum numbers) different results can be attained by choosing different initial spin configurations. In Fig. 7 we show three stable states with higher energy than the ground state seen in Fig. 2c .
It is interesting to note that the state with no crossing of spin bands is not the ground state.
The exact shape of the SIS does strongly depend on the confining potential and, thus, also the size of the system. As was noted earlier the LB's do not twist when µ is crossing higher LB's and the spin splitting is opening up, but the uneven opening up produces strong modulation of the spin densities. To exclude the possibility that numerical deficiencies are causing the twisting of the Landau bands we have tested the stability of the spin-density structures by increasing the number of basis states included in the numerical calculation and tested different schemes in attaining the convergence of the self-consistent problem. No visible changes in the ground state properties were observed. On the other hand, the exact shape and formation of the SIS does depend on the size of the system emphasizing that we are observing a confined spin-density wave (SDW) here. 20, 28 Two possible problems associated with the HFA come to mind. First, the HFA may lead to a ground state that is quite different from the physical one due to the strong exchange force that may be reduced in better approximations where higher order correlation effects or impurity broadening to a high order are included. 29 It is thus, very reassuring that this type of spin inversion and formation of a SDW has been observed in models employing the local density approximation (LDA) where the SDW has been observed for different approximations of the correlation effects. 9 The on-set of the SDW is also found to depend on the amount of collision broadening of the LB's, but neither the broadening nor the correlation effects prevent it. 9 The spatial correlation of the 2DEG in two approaching finite-size layers for the common filling factor of unity is quite similar to the formation of the SIS here. The layer index can be treated as isospin for vanishing separation and the numerical diagonalization of the many-electron Hamiltonian in a large subspace of noninteracting many-electron states includes, in principle, all correlation effects in the model to a high degree of accuracy. 30 An important difference of the present SIS in the two-dimensional plane to the SDW parallel to B investigated by Brey and Halperin 6 is the fact that the wavelength of the present modulation varies strongly with ν. This is caused by the strong dependence of the effective interaction, or the screening, in the 2D plane on ν. 18, [31] [32] [33] The SDW found by Brey and Halperin has strong reassemblance with the more "traditional one" known in 1D electroninc systems. 3 The notation SIS is, therefore, used here to emphazise this difference.
The region of filling factors when the electrons are not fully spin polarized yet (1 ≤ ν ≤ 2) but the system has not entered the regime of the integer quantum Hall effect with the lowest LB filled (ν = 1) has attracted much interest lately. It has been shown that in absence of Zeeman energy the lowest energy charged excitations at ν = 1 are skyrmions, spin textures with a unit winding number in two dimensions. 34, 35 At large g the quasi-particles, analogous to the single particles, have unit charge ±e and spin half, s = ±1/2, but as g is reduced to zero the excitation gap survives and the size of the quasi-particles diverges with the spin becoming macroscopic -skyrmions. 35 This effect has also been studied in double-layered electron systems when the distance between the layers, each having no spin degree of freedom, is reduced since these models can be mapped directly onto the spin system identifying the layer index as an isospin. 30, 36 It has also been found that these spin textures might eventually dominate the ground state properties at filling Other parameters are as in Fig. 1 . 
